New simplest expression beam mode integrals are presented, including further simplifications and corrections of previous results; this type of integrals appear in computational methods in structural dynamics and vibrations of diverse structures and machines, and in aircraft dynamics methods.
Introduction
Structural dynamics analyses of beams, shells, plates, frames and other multibody systems composed of the previous ones can be performed by the Rayleigh-Ritz method or by its generalization and optimization for multibody structures: the substructure synthesis method with quasicomparison functions. [1] [2] [3] Quasicomparison functions (QCF), as combinations of diverse Euler-Bernoulli beam eigenfunctions, have the special advantage of being dynamically or mathematically related to the vibration problem of the former structures, which implies the superiority of the convergence characteristics of the synthesis method, when it is compared to other methods for dynamic analysis of structures that can be modeled as assemblages of simple substructures, including the finite element method (FEM). 1, 3 Nonetheless, before beam eigenfunctions can be used more widely, its complexity related to the fact that these involve hyperbolic functions has to be dealt with. In the 70s, Sharma 4 encountered this difficulty while doing vibration analysis of shells. He subsequently solved this problem of how to obtain simple expressions for the beam mode integrals. 5 Interestingly, Sharma was not aware that the problem had already been solved by Felgar, 6 perhaps because Felgar's work was not published as a journal paper but as a university circular; later, the results were reprinted or made more public by Blevins. 7 In the past, beam functions have been used in the analysis of plates, 8 and more recently, calculation of integrals of beam eigenfunctions was a subroutine in a new and unified theory in aircraft dynamics. 9 Now, Morales and Ramı´rez 10 have presented 20 beam function integrals not appearing in Felgar's 7 and Sharma's 5 tables. This interest in simplest-expression integrals of Euler-Bernoulli beam functions stems from the fact that, as indicated, the QCF substructure synthesis method (QCFSSM), which involves integrals of those functions, 3 has an excellent convergence speed, even faster than that of the FEM when the structures have simple geometry. 1, 2 Moreover, the other fact is that any Rayleigh-Ritz approach is a numerical method itself; so, there is the interest in reducing the computer operations in the algorithm, or in eluding numerical integration subroutines. It is noted that the QCFSSM has been also called Rayleigh-Ritz-Meirovitch substructure synthesis method or RRMSSM. 11 Finally, this year, MorenoGarcı´a has presented a full review of admissible functions for these methods (Rayleigh-Ritz).
Novel results in beam mode integrals
As indicated, the purpose of this work is to present new simplest-expression results of integrals of beam eigenfunctions; as explained before, these formulas are important in approximate methods of vibration analysis of distributed structures. As a matter of fact, in some cases, the convergence of these methods is superior to that of the widespread FEM, and one of the main reasons for this superiority is the use of the beam eigenfunctions as shown by Morales; 2, 3, 11, 13 moreover, the formulas or integrals also turn up in novel aircraft dynamics methods. 9 First, we have an integral which for example appears in vibration analysis of a beam clamped at one end and supported by a spring at the other. The integral and its new or original simplest-expression solution is
where Y cf i and Y cp j are the ith and jth modes or eigenfunctions of the clamped-free and clampedpinned beams, whose expressions are given by Morales and Ramı´rez 10 or elsewhere. It is stressed that this fully simplified result has not been printed before. Now, for the following integral, the result in the table by Felgar 7 is (integral 75)
There is an error, i.e. the first 2 3i þ 2 3j must be squared; the corrected result with additional and interesting simplifications is
Note that the introduction of constants 4 and 5 by Morales and Ramı´rez 10 allows for a massive and attractive simplification. Further simplifications as above are possible in this type of integrals; in fact, we present another result which rightly appears in previous tables; 7 however, not in the simplest or beautiful form; it is integral 65 therein, which can be written more aesthetically as (expression to the right)
The expression or solution in the middle is the one printed by Felgar and Blevins; 7 again, the establishment of constants 4 and 5 10 permits the disappearance of the À1 to the ith and of the square root; in this regard, it is important to stress that in numerical or approximate methods, the interest is in reducing the number of computer operations to protect the inherent convergence prowess of the methods themselves. A practical example in which computation capacity is limited is autonomous unmanned aerial vehicles (UAV), where one concern is the size and weight of the computer, 'as the required onboard computer is likely to be much closer to a personal computer than to a multiprocessor supercomputer' 9 (integration of beam eigenfunctions was a subroutine in this aircraft-dynamics method). Finally, the previous two integrals also appear in the analysis of the beam clamped at one end and supported by a spring at the other; 11 nonetheless, these can appear in more complex structures whose substructures have boundary conditions resembling those of a fixed and elastically supported beam.
Above, L is the beam length and
where m is the mass per unit length, x is the natural frequency and EI is the beam flexural rigidity. Note that 1 is for the clamped-free beam and 3 belongs to the clamped-pinned and pinned-clamped beams; the are other characteristic constants and have been fully defined previously; 10 in fact, 4 and 5 were introduced in that reference.
Finally, new results are presented for the clampedsliding beam eigenfunctions or vibration modes. Most vibrations books do not refer to the fixed-sliding beam; [14] [15] [16] [17] [18] [19] [20] in the few that do, 21 the mode is written as
where the characteristic is defined by
and the characteristic by
Now, we have recently found that this can be written in three additional and fresh forms 6 
Note that 6 now can be independent of hyperbolic functions, which is important in computational mechanics; 10 the final or real importance of these number of novel expressions for the characteristic sigma is that the mathematical flexibility (of using one formula or other) does make possible simplest-expression integrals involving clamped-sliding eigenfunctions. In this regard, we point out that in the close to 300 hundred integrals in the Felgar-Blevins tables, 7 there is not any integral result involving clamped-sliding functions. Therefore, future work must be carried out on this type of integrals. As a matter of fact, these fixed-sliding functions appear in dynamic analysis of an Nstory continuous model of a building 2 but as a result of not having the fixed-sliding integrals, other functions were used in that paper. We have started part of that future work and two new and useful sigmas appear
that are similar to the 4 and 5 introduced previously 10 which were fundamental for the originality of the integral results presented in that paper. As results of that initial work, we present two, original of course, integrals in their simplest form
These additional integrals and other new expressions have been obtained by hand; some of the results might be obtained through an advanced computer algebra software (like Mathematica Õ ), but it would require more steps and commands than the basic ones; more importantly, it would require the assumption of expressions like the primary and secondary sigmas presented herein or in previous work. 10 
Discussion
It is stressed that these special results have important practical implications in computational mechanics: the simplest-expression integrals are computerfriendly, which is significant because complex numerical methods such as those based on the RayleighRitz theory, including the FEM, require easy system matrices construction, a reduced number of computer operations and avoidance of subordinate numerical methods as numerical integration, all in order to protect accuracy. As a matter of fact, work has been carried out also on integrals of beam-column eigenfunctions, where the term 'beam-column' implies that the concentration is on structural stability rather than vibrations, 22 and the result of the use of beam-column eigenfunctions and their simplest-expression integrals in the RRMSSM has been also very successful, in buckling analysis of frames. 23 Furthermore, clamped-free beam eigenfunctions have been used also in the modelling of aircraft substructures (fuselage, wings and stabilizers) in a new and efficient theory of dynamics and control of aircraft; computationally efficient because the computer power assumed is one of a personal computer as some aircraft -autopiloted unmanned aerial vehicles -may not carry multiprocessor supercomputers; 9 therefore, in this aircraft-dynamics case, avoidance of numerical integration may be important or economical.
Conclusion
Novel simplest-expression integrals containing modes of Euler-Bernoulli beam boundary-value vibration problems are presented, including further simplifications and corrections of previous integral results; these new results mainly involve the eigenfunctions or modes of (a) the clamped-pinned beam, which turns up, for example, in the vibration analysis of a clamped beam supported elastically at the other end and (b) the clamped-sliding beam, which has not been studied as much as the more common ones and appears in vibration analysis of an N-story distributed building. In general, the integrals appear in optimal Rayleigh-Ritz-based structural dynamics methods and prove to be powerful in simplifying these methods and in improving the convergence characteristics of one method in particular, the RRMSSM (or QCFSSM).
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